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Abstract 

We exploit the relation among irreducible Riemannian globally symmetric spaces (IRGS) and 
supergravity theories in 3, 4 and 5 space-time dimensions. IRGS appear as scalar manifolds of the 
theories, as well as moduli spaces of the various classes of solutions to the classical extremal black 
hole Attractor Equations. Relations with Jordan algebras of degree three and four are also outlined. 



1 Introduction 



The aim of this contribution, devoted to the 70th birthday of Prof. Raja Varadarajan, is to give some 
examples of interplay among some mathematical objects, Riemannian symmetric spaces, and physical 
theories such as the supersymmetric theories of gravitation, usually called supergravities. 

Symmetric spaces occur as target spaces of the non-linear sigma models which encode the dynamics 
of scalar fields, related by supersymmetry to some spin-^ and spin-| fermion fields, the latter called 
gravitinos, the gauge fields of local supersymmetry. 

Many supergravities provide a unique (classical) extension of the Einstcin-Hilbert action of General 
Relativity. By denoting with n the number of supersymmctries (or equivalently the number of - real - 
components of suitably defined spinor supercharges), this holds for n > 16. In such a case, the non-linear 
sigma model of scalars is unique, and the dimension of the symmetric space -gr— counts the number of 
scalar fields of the gravity multiplet. The isometry group H-ji is nothing but the "/^.-symmetry of the 
A/"-extended supersymmetry algebra, where TV is the number of supercharges. The non- compact global 
isometry group G is uniquely determined by the number of scalar fields and by the fact that G is a non- 
compact, real form of a simple (finite-dimensional) Lie group G c , whose maximal compact subgroup (mcs, 
with symmetric embedding, understood throughout) is H-r. In d = 3, 4 and 5 space-time dimensions 
(which are the only ones we deal with in the present contribution) the 7£-symmetry is SO (TV) , U (TV) 
and U Sp (TV) respectively, depending on whether the spinors are real (M) , complex (C) or quaternionic 
(H) pp. For d = 3 Af ma x — 16, whereas for d = 4 and 5 Af ma x = 8 (TV is only even for d = 5). In all 
cases the maximum number of (real) components of the spinor supercharges is n max = 32 [3] . 

Thus, TV-extended supergravity is unique iff 16 < n $J 32, while the uniqueness of the theory breaks 
down for n 16. Nevertheless, for 8 < n $J 16 the non-linear sigma models, also containing the scalars 
from the additional matter multiplets coupled to the supergravity one, are still described by symmetric 
spaces of the form H ^' H , where Hm is a classical compact Lie group depending on the theory under 
consideration. Once again, the non-compact global isometry group Gm is uniquely fixed by the number 
of scalar fields and by the fact that Gm is a non-compact, real form of a simple (finite-dimensional) Lie 
group Gm,c, whose mcs is H-% <g> Hm 

In all aforementioned cases, the signature of the coset manifold is (negatively) Euclidean, i.e. we are 
dealing with Riemannian (globally) symmetric spaces [HH]. 

The considered supergravity theories are invariant under G— (or Gm — )diffeomorphisms, as well 
as under general coordinate diffeomorphisms in space-time. Fermion fields are assigned to a suitable 
representation of H-% (<&Hm), while spin-1 vector fields are in a suitable representation of G(m)- Among 
the treated cases d — 3,4,5, an exception is given by d = 4, in which case G^m) may m i x electric 
and magnetic spin-1 field strengths' components, and the equations of motions - but not the Lagrangian 
density - are invariant under Gt M y This phenomenon is nothing but the generalization [5] of the electric- 
magnetic duality of Maxwell equations, in which G = SL (2, R) - SO (2, 1) - SU (1, 1) ~ Spin (2, 1), 
with mcs = U (1), the electric field and the magnetic field transforming as a real spinor (doublet) of G. 

2 Classification of 

Irreducible Riemannian Globally Symmetric Spaces 

Irreducible Riemannian globally symmetric spaces (of the type I and type III in Helgason's classification; 
see [H[S]), denoted with the acronym IRGS in the treatment given below, are those symmetric spaces 
with (strictly) negative definite metric signature. They have the form %, where G is a non-compact, real 
form of a simple (finite-dimensional) Lie group G c , and H is its mcs (with symmetric embedding; H is 
also often referred to as the stabilizer of the coset). There are seven classical (infinite) sequences, as well 
as twelve exceptional isolated cases (in which G c is an exceptional Lie group). 

Furthermore, another class of symmetric spaces exists, with form [4], where Gc is any complex 
{non-compact) (semi-) simple Lie group regarded as a real group, and Gr is its compact, real form 
(mcs (Gc) = Gr). ^ is a Riemann symmetric space with dim^ — dim^ (Gr), and rank=rank(Gn) . A 

remarkable example of such a class of IRGS is provided by the manifold S gQ^ , with Gm = SO (3) ~ 
SU (2) and Gc = SL(2,C) ~ 50(3,1) (see e.g. pQ). Such a space is not quaternionic, despite having 
SU (2) as stabilizer; consistently, its real dimension is 3 (not a multiple of 4, as instead it holds for all 
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quaternionic manifolds; see below). On the other hand, as yielded by the treatment of Sect. [31 the 
unique example of such a class playing a role in supergravity theories is the IRGS ^§ut$ {SU (3) = 
mcs (SL (3, C)) [11 [7]), which is both the real special symmetric vector multiplets' scalar manifold in 
TV = 2, d = 5 supergravity based on the Jordan algebra of degree three J3 , and the non-BPS Z ^ 
moduli space of the corresponding theory in d — 4, obtained by reduction along a spacelike direction 
(see Table 4). 

Let us recall here that the symmetric nature of a coset (i.e. homogeneous) manifold can be defined in 
purely algebraic terms through the so-called Cartan's decomposition of the Lie algebra g of a Lie group 
G: 

= f)©t, (2.1) 

where f) is the Lie algebra of a compact H subgroup of G, and B can be identified with the tangent space 
at the identity coset. The homogeneous space jj is symmetric iff the three following properties hold 
(see e.g. 01 [7]): 

[h,h] cd; [Met; [e,e]ch. (2.2) 

The first property (from the left) holds by definition of subgroup. The second property holds in general 
in coset spaces, and it means that by the adjoint, f) acts on 6 as a representation R with diniR (R) = 
dims. (§)• The third property defines the simmetricity of the space under consideration, since in general 
it simply holds that [1,6] eg. 

All IRGS are Einstein spaces (see e.g. [H [9] and Refs. therein), thus with constant (negative) scalar 
curvature. 

Moreover, one can define the rank of an IRGS is defined as the maximal dimension (in M) of a flat 
(i.e. with vanishing Riemann tensor), totally geodesic submanifold of the IRGS itself (sec e.g. §6, page 
209 of (J). 

In the following treatment Kdhler [TU], special Kdhler [H]-[2Z], real special [H [T31 [23 HHj and 
quaternionic PHQ3], [29]-[36], [TTl [13 EQl EH [^] manifolds are denoted by K, SK, RS and H, respectively. 
The role played by such spaces in supergravity is outlined in Sect. [3] 

Tables 1 and 2 respectively list the seven classical infinite sequences and the twelve exceptional 
isolated cases (see e.g. Table II of [1]). Some observations are listed below (other properties are given 
in, or can be inferred from, Tables 3-11): 

• I 2 is SK 

• I3 is not H, despite having SO (3) ~ SU (2) as stabilizer; consistently, its real dimension is 10 (not 
a multiple of 4, as instead it holds for all H manifolds) 

• 1112,9 = Hip, 2 is both H and K (quaternionic Kdhler). In particular, IIl2,i = IH1.2 is both H 
and SK, with dimm = 4 <^ dimjgi = 1, and it is an example of Einstein space with self-dual Weyl 
curvature [30] 

• IV 2 , 3 = IV 3)2 is K, but not H, despite having 50(3) <8 50(2) - SU (2) <g> U (1) as stabilizer; 
consistently, its real dimension is 6 (not a multiple of 4) 

• LV2.4 = IV4.2 is both H and K (quaternionic Kdhler) 

• V 2 is K, but not H, despite having U (2) as stabilizer. Through the isomorphism SO* (4) ~ 
SU(2) <g> SL (2,R) @], it holds that V 2 ~ ^jrftT 1 , with real dimension 2 (not a multiple of 4) 

• VI2 is K, but not H, despite having U (2) as stabilizer. Through the isomorphism 50 (3, 2) ~ 
Sp (4,R) 0], it holds that IV 2 , 3 - VI 2 

• VHi.q = VIIp i = MF q = MF P (quaternionic projective sequence) is H, and it is the unique 
symmetric H space which is not the c-map of a symmetric SK space |59j (see Table 3) 

• When the stabilizer of VIIIq contains an explicit U (1) factor, then VIIIg may be (but in general 
not necessarily is) K 

• When the stabilizer of VIIIq contains an explicit SU (2) factor, then VIIIc may be (but in general 
not necessarily is) H 
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3 Irreducible Riemannian Globally Symmetric Spaces 
in Supergravity 

Supergravity is a theory which combines general covariance (diffeomorphisms) with local supersymmetry 
(superdiffeomorphisms). It contains a tetrad (Vielbein) one-form e a and a gravitino (spinor valued) 
one-form iff^ (a — 1, A/"), which for instance appear in the Einstein- Hilbert Lagrangian eR A e A e (e 
and R respectively being the Levi-Civita and Riemann tensors), or in the Rarita-Schwinger Lagrangian 
ip A dip A 7 (7 denoting the appropriate set of gamma matrices). The Lagrangians of the gauge fields 
are of the form (i?eTV\s) F A A F 11 and (/toTVae) F a A *F^, where A/as is a complex symmetric kinetic 
vector matrix. 

Symmetric spaces already occurs in gravity regardless of supersymmetry. A simple example is pro- 
vided by the Kaluza-Klein reduction of D-dimensional gravity on a manifold 

M D = M d ®M D _ d , (3.1) 

where the internal manifold is here taken to be a c?-dim. torus {i.e. M d — T d ) for simplicity's sake. For 
small size of T d , the Kaluza-Klein reduction of pure gravity as given by Eq. (|3.ip yields (D — d)-dim. 
gravity coupled to d ^ d ^ 1 ^ scalar fields and d Maxwell fields (graviphotons) . The scalar fields parameterize 
(as coordinates) the manifold G gQ d ^ ; modding out the overall size of T d , one obtains the IRGS S gQ^ 
(see Table I), which is the simplest example of symmetric space occurring in gravity. 

Supersymmetry restricts the holonomy group of Riemannian spaces which may occur in a given theory 
(see e.g. [21 E]). Let us consider for instance supergravity theories in d = 4 space-time dimensions. The 
geometry of the scalar manifolds depends on the number TV of supercharges: it is K [lOj for TV = 1, SK 
Q3]-[27] (for vector multiplets' scalars) or H [HCS], HH]-E5], [13 QE \M E3 EE] (for hypermultiplets' 
scalars) for TV = 2, and in general symmetric for TV > 2. Concerning TV — 2 supergravity in d = 5 and 
d = 3 space-time dimensions, the vector multiplets' scalar manifolds are endowed with RS [H [571 HFJ 
and H PUCES], E^-pU, CE3 EEl [HI E3 EE] geometry, respectively. The isolated cases of symmetric SK 
manifolds are given by the so-called magic TV = 2 supergravities (ES HO], see Table 3). They are 
related to Freudenthal triple systems [4U]-[15] over the simple Euclidean Jordan algebras EHUD], S3 - 
[52j of degree three with irreducible norm forms, namely over the Jordan algebras J®, J^, J$ and Jjf 
of Hermitian 3x3 matrices over the four division algebras, i.e. respectively over the octonions (©), 
quaternions (H), complex numbers (C) and real numbers (R). Furthermore, they are also connected to 
the Magic Square of Freudenthal, Rozenfeld and Tits [HI EH EH [40 , 39J (see also, for recent treatment, 
[55j-|58jl. Jordan algebras were introduced and completely classified in [49) in an attempt to generalize 
Quantum Mechanics beyond the field of complex numbers C. 

The scalar manifolds of TV > 2 pure supergravities in d = 3,4, 5 are all symmetric, of the form g d ' JV " , 
where, as anticipated in the Introduction, H d ^ is nothing but the automorphism group of the related 
TV-cxtcndcd, d-dim. superalgebra, usually named 7?.-symmetry group. As mentioned in the Introduction, 
in d = 3, 4 and 5 the 7?.-symmetry is SO(Af), U (TV) and USp(Af) respectively, depending on whether 
the spinors are real, complex or quaternionic (see e.g. Table 2 of [T]). Since from group representation 
theory the number of scalar fields in the corresponding supergravity multiplet is known (being related to 
the relevant Clifford algebra - see e.g. [Q -), the global isometry group Gd,u is determined uniquely, at 
least locally. 

A set of Tables shows the role played by IRGS in supergravities with TV supercharges in d = 3,4,5 
space-time dimensions. 

• Table 3 presents the relation among TV = 2, d — 4 symmetric SK vector multiplets' scalar mani- 
folds and the symmetric H scalar manifolds of the corresponding d = 3 theory obtained by spacelike 
dimensional reduction (or equivalently of the d — 4 hypermultiplets' scalar manifolds), given by 
the so-called c-map |59j . The c-map of symmetric SK manifolds gives the whole set of symmetric 
H manifolds, the unique exception being the quaternionic projective spaces HP™ introduced above: 
they are symmetric H manifolds which are not the c-map of any [symmetric) SK spac^]. Further- 
more, all symmetric SK manifolds but the complex projective spaces CP™ (and thus, through c-map, 



1 Many other H manifolds exist, such as the homogeneous non- symmetric ones studied in 34 and the (rather general, 
not necessarily homogeneous) ones given by the c-map of general SK geometries (they are not completely general, because 
they are endowed with 2n + 4 isometries, if the corresponding SK geometry has dime — n ) |36] . All H manifolds are 
Einstein, with constant (negative) scalar curvature (see e.g. |37l 1381 ). 
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all symmetric H manifolds but HP") are related to a Jordan algebra of degree three. In Table 3 R 
denotes the one-dimensional Jordan algebra, whereas T m ^ n stands for the Jordan algebra of degree 
two with a quadratic form of Lorentzian signature (to, n), which is nothing but the Clifford algebra 
of O (m, n) |49j . Furthermore, it is here worth pointing out that the theory with 8 supersymmetries 
based on the Jordan algebra jj 1 is dual to the supergravity with 24 supersymmetries, in d = 3, 4, 5 
dimensions: they share the same scalar manifold, and the same number (and representation) of 
vector fields (see e.g. [Ml US, and Refs. therein) 

• Table 4 lists the moduli spaces associated to non- degenerate non-BPS Z ^ extremal black hole 
attractors in AT — 2, d — 4 SK symmetric vector multiplets' scalar manifolds |60J. They are nothing 
but the J\f = 2, d = 5 RS symmetric vector multiplets' scalar manifolds. Only another class of 
J\[ = 2, d = 5 RS symmetric vector multiplets' scalar manifolds exists, namely the infinite sequence 
IVi,„_i = ^gQ7~3) ; n EN, usually denoted by L (—1, n — 2) in the classification of homogeneous 
d-spaces [12] . It corresponds to homogeneous non-symmetric scalar manifolds in d = 4 (SK) and 3 
(H) space-time dimensions (see e.g. Table 2 of [T^] ). 

In general, an extremal black hole attractor is associated to a (stable) critical point of a suitably 
defined black hole effective potential Vbh, and it describes a scalar configuration, stabilized purely in 
terms of the conserved electric and magnetic charges at the event horizon, regardless of the values of 
the scalars at spatial infinity. This is due to the Attractor Mechanism [61j-|64j. an important dynamical 
phenomenon in the theory of gravitational objects, which naturally appears in modern theories of gravity, 
such as supergravity, superstrings [SS]-[HH] or M-theory |69j-|71j. 

In homogeneous (not necessarily symmetric) scalar manifolds jj, the horizon attractor configurations 
of the scalar fields are supported by non- degenerate orbits (i.e. orbits with non-vanishing classical 
entropy) of the representation of the charge vector in the group G, which can thus be used in order 
to classify the various typologies of attractors. A complete classification of the (non- degenerate) charge 
orbits O has been performed for all supergravities based on symmetric scalar manifolds in d = 4 and 5 
dimensions [44, 56, 60 , [72]-[79]. In such a framework, the charge orbits O are homogeneous (generally 
non- symmetric) manifolds (with Lorentzian signature) of the form ^ , where is some proper subgroup 
of G. If f) is non-compact, then a moduli space can be associated to the charge orbit (and thus to the 
corresponding class of attractors): it is an IRGS of the form ^, where H = mcs (Sj) (with symmetric 
embedding) [601 1781 179] . The moduli space ^ is spanned by those scalar degrees of freedom which are not 
stabilized in terms of charges at the event horizon of the considered extremal black hole. In other words, 
describes the flat directions of the relevant Vbh at the considered class of non-degenerate attractors. 
Within such a framework, the fact that in J\f = 2, d = 4, 5 supergravity the ^-BPS attractors stabilize 
all scalars at the event horizon can be traced back, in the case of symmetric vector multiplets' scalar 
manifold, to the compactness of the stabilizer Hi_ BPS of the corresponding ^-BPS supporting charge 

orbit Oi RP o = „ G . 

Hi_ BPS 

Recent studies [5U]-[5I] suggest that the moduli spaces of non-degenerate attractors do not exist only 
at the event horizon of the considered extremal black hole, but rather they can be extended (with no 
changes) all along the corresponding attractor flow, i.e. all along the evolution dynamics of the scalar 
fields (determined by the scalar equations of motion), from the spatial infinity r — > oo to the near- 
horizon geometry (r — > r H ), r and rn being the radial coordinate and the radius of the event horizon, 
respectively. However, such moduli spaces are not expected to survive the quantum corrections to the 
classical geometry of the scalar manifolds, as confirmed (at least in some black hole charge configurations) 
in [55]. 

Turning back to Table 4, H denotes the non-compact stabilizer of the corresponding supporting 
charge orbit O non -BPS,z^o [74] . and h is its mcs (with symmetric embedding) 

• Table 5 presents the moduli spaces of non-BPS Z = critical points of Vbh,M=2 in N = 2, d = 4 
SK symmetric vector multiplets' scalar manifolds [SO]. They are (non-special) Kahler symmetric 
manifolds. H denotes the non-compact stabilizer of the corresponding supporting charge orbit 
Onon-BPS,z=o [H] , and h is its mcs (with symmetric embedding). Remarkably, so(w)®u(i) ^ s 
associated to Mi t % (©), which is another exceptional Jordan triple system, generated by 2 x 1 
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Hermitian matrices over the octonions O, found in |3D1|35]. Furthermore, so(io)®u(i) ^ s a ^ so ^ e 
scalar manifold of TV — 10, d — 3 supergravity (see Table 11 below, and Table 2 of [SS], as well) 

• Table 6 contains the scalar manifolds of TV ^ 3-extended, d = 4 supergravities. J® s denotes the 
Jordan algebra of degree three over the split form O s of the octonions (see e.g. |86j and Refs. 
therein for further, and recent, developments). Remarkably, M\^, (©) is also associated to TV = 5, 
d = 4 supergravity (see Table 2 of |55j . and Refs. therein) 

• Table 7 lists the moduli spaces of non-degenerate extremal black hole attractors in 3 ^ TV ^ 8, d = A 
supergravities [BUI HZ], EI] _ [7E]- f), f) and f) respectively are the mcs's (with symmetric embedding) 
of TL, TL and TL, which in turn are the non-compact stabilizers of the corresponding supporting 
charge orbits 1/A f-BPS, O non - B PS,z AB ^o and O n on-BPS,Z AB =o, respectively [H [5HJ WH , UM~ 
|78| (see Table 1 of [75]). It is here worth recalling that all non- degenerate -^-BPS moduli spaces 
Y (see Table 7) and (see Table 10) of 8 A/" > 2-extended supergravities in c? = 4, 5 space-time 
dimensions are H manifolds. This has a nice interpretations in terms of TV — ► 2 supersymmetry 
reduction: the fZai directions of Vbh,aT at the considered class of its (non- degenerate) critical points 
correspond to the would-be hypermultiplets' scalar degrees of freedom in the vector/hyper splitting 
determined by the TV — > 2 supersymmetry reduction |87j-|89j. |77 | I60L ITS] 

• Table 8 shows the moduli spaces of non-degenerate non-BPS (Z ^ 0) critical points of Vbh,N=2 m 
TV = 2, d = 5 RS symmetric vector multiplets' scalar manifolds [60j . i?s stands for the non-compact 
stabilizer of the corresponding supporting charge orbit Qnon-BPS [SO]) and K5 is its mcs (with 
symmetric embedding) 

• Table 9 lists the scalar manifolds of TV > 2-extended, d = 5 supergravities 

• Table 10 presents the moduli spaces of extremal black hole attractors with non-vanishing classical 
entropy in 4 ^ TV ^ 8-cxtcnded, d = 5 supergravities [77] , IrJU ] 175]. f)s and f)s respectively are the 
mcs's (with symmetric embedding) of H5 and 7ig, which in turn are the non- compact stabilizers 
of the corresponding supporting charge orbits Oi/^^bps and O non -BPS, respectively [H] [7SI EH 

[771[60j[79] 

• Finally, Table 11 contains the scalar manifolds of TV 5, d — 3 supergravities [29 . 



As yielded by Tables 3-11, typologies of IRGS appear at least once in supergravity theories with 
TV supercharges in d = 3,4, 5 space-time dimensions (as scalar manifolds, or as moduli spaces associated 
to the various classes of extremal black hole attractors with non-vanishing classical entropy) . 

Let us now consider the supergravities with 8 supersymmetries associated to the Jordan algebras of 
degree three J3 over the four division algebras A = K, C, H and O, shortly called magic supergravities, 
in d = 3, 4 and 5 space-time dimensions. By recalling the Tables 3,4,5 and 8 and recalling the definition 
A = dim R (A) = 1, 2, 4, 8 (for A = M, C, H and O respectively) (see Table 3), one gets that [9"U] 

dim d M ±J A = 3A + 7-d; (3.2) 
dimdT d 7 a = 2A\ (3-3) 
dimd = dim®., dime, dim^. (3-4) 

d=5 d=4 d=3 

In Eq. (|3.2p A4 d ja denotes the scalar manifold of the supergravity theory with 8 supersymmetries 
associated to J* in d(= 3,4,5) space-time dimensions. In Eq. (|3.3[) T± ja stands for the set of non- 
BPS Z = moduli spaces of symmetric J^-related SK manifolds (see Table 5), and Jj ja is the set 
of non-BPS [Z ^ 0) moduli spaces of symmetric J^-related RS manifolds (see Table 8). Let us now 
consider the finite sequence (for A = 1,2,4,8) of (R © r^+i^-related symmetric d — 4 SK manifolds 
III1.1 <8> IV2.A+2 = $4,A (Table 3), as well as its c-map sequence = $3. A (Table 3) and the 
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corresponding (through a d = 5 — » 4 dimensional reduction along a spacelike direction) sequence of RS 
symmetric spaces 50(1, 1) ® IVi^+i = #5, ,4 (Table 4): 

6 5lJ 4 = 50(1, 1) ® IVi,a+i : 50(1, 1) ® ^l^^ , dzm R = A + 2; 

I 

B 4> . S III M a IV 2 , +2 : ffiil * ^TWO) ' ^ = A + *> 

| c — map 

B M ee IV 4 ,^ +4 : S0( ^°|Y® + 50(4)' *"* = A + 4 ' (3 - 5) 

It is thus evident that 

dimJBd.A — A + 7 — d = dim d M. d ja — dim d T d ja. (3-6) 

Actually, as found in |90j . M d ja has a non-trivial bundle structure, where the manifold T d ja is fibered 
over the base manifold B d ,A' 

M dJ A = B d , A + T dJ A. (3.7) 

The four elements of the finite sequence T% ja are uniquely determined by requiring that J- 3 ja C M 3 ja 
and that dim^F^ ja = 2 A [90] . Notice that in general 



■M 3) ja — c — map ( M 4 J A j , Bz,a = c — map ($ 4 ,a) , (3. 

but 



and analogously it holds for the relation between d = 5 and d = 4 space-time dimensions. For example 
(see Table 3 [55]) 



•^3,J| 7^ c - (-^.j*) , (3-9) 
on between d = 5 and d = 4 space-t: 

r gn-5) / so* (12) \ 

^ = SO {12) 9 SU {2) = c ~ ma P [suW^HT) ) ' ( 0) 

and (see e.g. [5J) 

SO* (12) / £ 6( _ 14) \ , 



ST7 (6) <8> tf (1) ^ ^ 4 ' J 3 ^ 50 (10) ® [7(1 
SO* (12) g 6 (-i4) (10) v 



SU(6)®U(1) SO (10) <8> U (1) 5*7 (5) <g> Z7 (1) 

Concerning the stringy interpretation(s) of the fiber bundle decomposition (|3.7p of ja, in (Type 
7) string theory the base B d .A should describe closed string moduli, while the fiber T d ja describes open 
string moduli. 

Thus, one obtains twelve fiber bundle decompositions of J^-related supergravity models, forming three 
sequences of four exceptional geometries. Tables 12, 13 and 14 list such exceptional sequences in d = 5, 
4 and 3 space-time dimensions, respectively [90]. It is worth noticing that B 4j s is nothing but the vector 
multiplets' scalar manifold of the so-called FHSV model [51], studied in [52]-[5B], and correspondingly 

B5 8 and B3 8 respectively are its d = 5 uplift and its c-map. The sequence \ J- a t a > , given by the 

I ' 3 J A=R,C,H,0 

fourth column of d = 4 exceptional sequence (Table 13) has also been recently found in a framework which 
connects magic supergravities to constrained instantons |58j . The other two sequences ^J- 5 ja| 

and |jF 3 ja| , respectively given by the fourth column of d = 5 and d = 3 exceptional sequences 

(Tables 12 and 14, respectively), are new to our knowledge. 

It is interesting to notice that Kostant, through a construction based on minimal coadjoint orbits and 
symplectic induction [57], related Jordan algebras of degree four to IRGS §, in which G is a particular 
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non-compact real form of a simple exceptional (finitc-dimcnsional) Lie group, and K is its {symmetrically 
embedded) mcs. The IRGS || appearing in Kostant's construction (summarized by Table in page 422 
of [57], reported below in Table 15) are two H manifolds, which are the c-map of the so-called t 3 
model (G — G2(2)) and of the real magic N = 2, d = 4 supergravity (G = 1*4(4)) [55] . respectively 
based on the Jordan algebras M (degree one) and (degree three), as well as the scalar manifolds of 
maximal supergravity in c? = 3, 4, 5 space-time dimensions (G = -Es(s) > ^7(7) ) -^6(6) respectively) , based on 
jO B ^ 'pj^j.Qygjj sympatic induction [97] , they are connected to some compact symmetric Kahler spaces 
X = H K being some proper (symmetrically embedded) compact subgroup of K. X is related to 
a Jordan algebra J (X), with dim^(X) = 2dim-^(J (X)). For G = G 2 (2), this is a Jordan algebra of 
degree two, whereas in all other cases it has degree four. Consistently with previous notation, in Table 
15 Jf, J4", Jj 1 respectively denote the Jordan algebras of degree four with irreducible norm forms, made 
by Hermitian 4x4 matrices over R, C and EL It is worth remarking here that X has an associated (still 
Kahler) symmetric non-compact form X = -jf^, which is an (I)RGS, with /C C G. Furthermore, X is 
unique, because only one non-compact, real form /C of K exists, such that KcG and mcs (K.) = Hk (see 
e.g. |5J). Notice also that rank(X) =rank(X) is also the degree of the corresponding J (X). It is amusing 
to observe that dimR (X) is also the real dimension of the representation Ry of the Abclian vector field 
strengths (and of their dual) in M — 2, d = 4 magic supergravities over O, H, C and M, as well as of 
the so-called t 3 model [40, 39, 44[[74]. It would be interesting to study further such a construction, and 
determine the origin of the (I)RGS X in supergravity. 
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IRGS 

Classical Sequence 


rank 


rf«77lR 


l„ (A I) 


SL(n,R) 
SO(n) 


71-1 


±(n-l)(ra + 2) 


Iln (A II) 


SU'(2n) 
USp(2n) 


71 — 1 


(n-l)(2n + l) 


l\l p q {A III) 


SU(p,q) K 
SU(p)®SU(q)®U(l)' 


mm (p, g) 


2p<? 


IV M (BDI) 


SO(p,q) 
SO(p)®SO(q) 


mm (p, g) 


pg 


V„ (-D 777) 


SO'(2n) K 
U(n) ' " 


[f] 


7i [n — 1) 


VI n (CI) 


Sp(2n,R) T s 
U{n) ' A 


n 


n (n + 1) 


VII p q (C II) 


USp{2p,2q) 
USp(2p)<»USp(2q) 


mm (p, g) 


4pg 


VIII G (see text) 


Gc 


rani (G) 


rf«TOR (G) 



Table 1: Classical Infinite Sequences of Irreducible Riemannian Globally Symmetric Spaces 
of type I and type III (IRGS) (see e.g. Table II of [4j and Table 9.3 of [5j). The notation 
of Helgason's classification |4j is reported in brackets in the first column. Trivially, it holds 
that Illp q = IH g ,p, IVp, 9 = TV q ,p and VH M = VII g , p 
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IRGS 

Exceptional Case 


rank 




1 (EI) 


USp(8) 


6 


42 


2 (E II) 


E 6(2 ) TT 

SU(6)0SU(2) ' 


4 


40 


3 (E III) 


S 6(-14) 7V- 

SO(10)«)C/(1) ' " 


2 


32 


4 (E IV) 


-^61-26) 


2 


26 


5 (E V) 


-^7(7) 

SU(8) 


7 


70 


6 (E VI) 


E 7(-5) rr 

SO(12)®S(7(2) ' " 


4 


64 


7 (E VII) 


S 7(-25) 


3 


54 


8 (E VIII) 


-£-8(8) 

SO(16) 


8 


128 


9 (.E IX) 


-Eg(_24) rr 

E 7 ®SU(2)> 


4 


112 


10 (F J) 


F 4(4) TT 

USp(6)®SU(2) ' 


4 


28 


11 (F II) 


-F4(-20) 

SO(9) 


1 


16 


12 (G) 


G 2(2) TT 

S(7(2)(»S(7(2) ' 


2 


8 



Table 2: Exceptional Isolated Cases of IRGS (see e.g. Table II of @] and Table 9.3 of [5j). 
The notation of Helgason's classification [4| is reported in brackets in the first column. The 
subscript number in brackets denotes the character \ of the considered real form, defined 
as x = # non-compact generators — # compact generators (see e.g. Eq. (1.29), p. 332, as 
well as Table 9.3, of |5j). Concerning the compact form of (finite-dimensional) exceptional 
Lie groups, the following alternative notations exist: G2 = <J2(-i4)j -^4 = -^4(-52)> E§ = ■E , 6(-78): 
i?7 = £7(-i33) and Eg = -EW-248) ( m other words, for a compact form \ = —dim^) 
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Special Kahler 
Symmetric Space 



Quaternionic 
Symmetric Space 



III 



1,71 



= irpra . SU(l,n) 

K ■ SU(n)®U(l) 



n G N 



III 2 



su (2,n+i ) m i Jn\ 

2 1 «+ 1 : SC/(n+l)®SC/(2)®tf(l)> u t u i 



n G N (R©r„_i,i) 



m . SO(4,7t+2) 

iV 4: „ +2 ■ S0(ti+2)®S0(4) ' 



n GNU {0,-1} (M©r„_i 4 ) 



IIIi,i:^ (R) 



12 



t*2(2) 

SO(4) 



(M) 



VT . Sp(6,R) / 7 R- 
V 13 • S(7(3)«iC/(l) V J 3 , 



10 



(7Sp(6)(»S(7(2) 



ttt . SU(3,3) / j C - 

A±A 3,3 ■ SU(3)®SU(3)®U(1) \ J 3 



SU(6)®SU(2) 



Ve : s^Sul) (^=2^=6) 



SO(l2)®SU{2) 



(jf,Af = A<^M= 12) 



n-25) 



E 6 <8SO(2) 



q . -&8(-24) i T« 

^ ■ E 7 ®SU{2) I J 3 



Table 3: Af— 2, d = 4 symmetric special Kahler vector multiplets' scalar manifolds and the 
corresponding symmetric quaternionic spaces, obtained through c-map |59|. In general, 
starting from a special Kahler geometry with dime = n i the c-map generates a quaternionic 
manifold with dim^ = n+l |59|. If any, the related Jordan algebras of degree three are 
reported in brackets throughout (the notation of |55j is used, see also Table 2 therein). 
By defining A = dim^A (= 1, 2, 4, 8 for A = M, C, H, O respectively), the complex dimension of 
the Af= 2, d = 4 symmetric special Kahler manifolds based on J* is 3A + 3 |60j. Thus, the 
quaternionic dimension of the corresponding Af= 2, d = 4 symmetric quaternionic manifolds 
obtained through c-map is 3A + 4 |59l I90j 
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Associated Jordan Algebra 
of degree three (in d = 5 ) 


_£ 


KelVi,!, n G N 


50(1, 1) ® IVi,„_i : 50(1, 1) ® ^"jj 


tO 

J 3 


. -E 6( _26) 

* ' F 4 


tH 
J 3 


A1 3 ■ USp(6) 


tC 
J 3 


AATTT . Si(3,C) 

viii S (7(3) ■ mm 


7-R 
J 3 


T Si(3,R) 
13 ' 50(3) 



Table 4: Moduli spaces of non-BPS Z ^ critical points of Vbh,N=2 in A/ = 2, d = 4 special 
Kahler symmetric vector multiplets' scalar manifolds |60j. They are nothing but the W= 2, 
d = 5 real special symmetric vector multiplets' scalar manifolds, is the non-compact sta- 
bilizer of the corresponding supporting charge orbit O non -BPS,z^o [74j , and /i is its maximal 
compact subgroup (with symmetric embedding). As observed in [60j, the real dimension of 
A/"= 2, d — 5 real special symmetric manifolds based on J* is 3A + 2 
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Jordan Algebra 
of degree three 
{of the corresponding 
scalar manifold in d = 4) 


H H 

h h'®U(l) 




Hll,n-1 ■ U(l)®SU(n-l) ' °" fv " — °) 


R fft r„ 1 i n > 3 


a v 2,n-2- SO(2)®50(ti-2) J 11 u > 


M 
J 3 


q . -E 6 (_ 14 ) 
• SO(10)(g>C7(l) 


T M 
J 3 


iti . S£/(4,2) „ 

il-14,2 ■ SC/(4)®SC/(2)«)(7(1) ' n 


J 3 


CTTT ^ 2 ■ SUi 2 ' 1 ) n 5(7(1,2) qK tt 
\Hl2,l) ■ SU(2)®U(1) W S£/(2)®(7(1) > ^i^ 3 


tR 
J 3 


TTT . SU(2,1) QI s u 



Table 5: Moduli spaces of non-BPS Z — critical points of Vbh,N=2 in /V= 2, d = 4 special 
Kahler symmetric vector multiplets' scalar manifolds [60j . Unless otherwise noted, they 
are non-special Kahler symmetric manifolds. H is the non-compact stabilizer of the corre- 
sponding supporting charge orbit O non -BPS.z=o [74j , and h is its maximal compact subgroup 
(with symmetric embedding). As observed in |60j, the complex dimension of the moduli 
spaces of non-BPS Z = critical points of Vbh,J\T=2 m 2, d = 4 special Kahler symmetric 
manifolds based on is 2/1 
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3 


TTT SU(3,n) M 

l-lJ-3,n ■ S(7(3)«iS(7(n)®(7(l) ' U fc ^ 


4 


III!,! jy 6 , n : S %g2(n) . « {0} (K 8 IVi, 5 ) 


5 


m i.» : swBm ( M ^(o)) 


6 


V • SO* (12) ( jB \ 
V 6 ' SU(6)®U(1) V J 3 J 


8 


r . E 7(T) ( M 3 \ 
• SU(8) \ J 3 ) 



Table 6: Scalar manifolds of J\f^ 3, d = 4 supergravities. Notice that the scalar manifold of 
J\f= 6 supergravity coincides with the one of TV = 2 supergravity based on Jf (see Table 3) 
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N 


1 T">~no 

moduli space y 


HOIl-oro, Z/^^j y= U 

moduli space t* 
I) 


11011- r>_r 0, zj — u 
moduli space -P 


3 


ITT . SU(2,n) 
m2,n ■ SU(2)<S,SU(n)®U(l) ' 

neN 





TTT St/(3,T1-1) 

111 3,"-1 ■ S£/(3)®S£/(n-l)®(7(l) ' 

n ^ 2 


4 


TV , • SOKn) 
±v 4,n • so(4)®SO(n) ' 


50(1, 1) <8» IVk n _i : 

50(1, 1) ® so(5)®SO(n-l) ' 


jv SO(6,ti-2) 
1V 6: „_2 • SO(6)®50(n-2) ' 

n ^ 3 


5 


TTT . 5(7(2,1) 
±AJ -2,1 • Sf/(2)®[7(1) 






6 


ttt . 5(7(4,2) 

-L-lJ-4,2 • St/(4)®SC/(2)®(7(1) 


tt . su* (6) 

113 ■ !7Sp(6) 




8 


O . B 6(2) 

^ ' SU(6)®SU(2) 


■ (7Sp(8) 





Table 7: Moduli spaces of extremal black hole attractors with non-vanishing classical entropy 
in 3 s: JV ^ 8, d = A supergravities [53 [751 173 EES US], (see Table 1 of [75]). f), f and f) 
respectively are the maximal compact subgroups (with symmetric embedding) of 7i, TL and 
Ti, which in turn are the non-compact stabilizers of the corresponding supporting charge 
orbits 1/n -~bps, O non - B ps,z AB ^o and O non - B PS,z AB =o, respectively gH [7U [56J US [73 [6jH 
[78] (see Table 1 of [7§]) 
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Jordan Algebra 
of degree three 
( of the corresponding 
scalar manifold in d = 5) 


£5 
K 5 


R©r„_ M , n > 3 


T -,r SO(l,n-2) 
lVi, n _ 2 ■ SO („_2) 


J 3 ° 


1 1 . F 4(-20) 

- L - L ■ SO(9) 


J 3 


VTT . tfSp(4,2) 
v J-il, 2 • uSp(4)®USp(2) 


tC 
J 3 


ITT . SC/(2,1) 
J-J-J-2,1 ■ S (7(2)®(7(1) 


7-B 
J 3 


T SX(2,R) 
12 • SO(2) 



Table 8: Moduli spaces of non-BPS (Z 7^ 0) critical points of Vbh,N=2 hi A/ = 2, d = 5 real 
special symmetric vector multiplets' scalar manifolds [60j. H$ is the non-compact stabilizer 
of the corresponding supporting charge orbit O non -BPS [60j, and K$ is its maximal compact 
subgroup (with symmetric embedding). As observed in [60j, the real dimension of the 
moduli spaces of non-BPS (Z ^ 0) critical points of Vbh,N=i m N= 2, d — 5 real special 
symmetric manifolds based on J* is 2v4, and the stabilizer of such moduli spaces contains 
the group Spin (1 + A) 







4 


SO (1, 1) ® rV 6l „_i : SO (1, 1) ® so f 5 % 5 ^n-i). n e N ( R © r «-i>5) 


6 


1A 3 ' C/Sp(6) l J 3 J 


8 


-, . Se(6) / tO s \ 
1 ■ USp(8) \ J 3 ) 



Table 9: Scalar manifolds of M> 2, d = 5 supergravities. Notice that, also for d = 5, the 
scalar manifold of J\f= 6 supergravity coincides with the one of M = 2 supergravity based 
on Jf (see Table 4) 
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AT 


moduli space 


non-BPS (Z^s 7^ 0) 
moduli space 2 s - 


4 


TV • SO(4,n-l) „ o 
iv 4j „_i . SO (4) 0SO ( n _i) , n ^ z 


TV . SO(5,n-2) v. o 
iv 5irl _2 • so(5)®SO(n-2) ' " ° 


6 


VTT • ^(4,2) 
v J.J.1,2 ■ uSp(4)®USp(2) 


- 


8 


in • F4 < 4 > 

iu ' USp(6)®USp(2) 





Table 10: Moduli spaces of extremal black hole attractors with non-vanishing classical en- 
tropy in4^7V^8, d = 5 supergravities \77\ I00L |?9]. f)g and f)g respectively are the maximal 
compact subgroups (with symmetric embedding) of and 7^5, which in turn are the non- 
compact stabilizers of the corresponding supporting charge orbits Oi/aT-bps an d O non -BPS, 
respectively (ill [75l (56l (77l (60l (79] 



N 


Gv,3/-ff.V,3 


5 


YII . USp(4,2n) jj 
Vi±2,n ■ uSp(4)®USp(2n) ' " fc ^ 


6 


TTT , . SU(4,n) N 

±11 4 ,„ . sU(4)®SU(n)®U(l) ' n fc W 


8 


iv 8 , n+2 : soffiikVS+w «eNu{o,-i} (Rer„_ ll6 ) 


9 


1 1 . F 4(-20) 

XA ■ SO(9) 


10 


3 : 50(fo)^0(2) (Afi, 2 (0)) 


12 


° ■ SO(.12)®SU(2) \ J 3 J 


16 


a . E 8(8) / tO s \ 
° ' SO(16) V J 3 y 



Table 11: Scalar manifolds of Af^ 5, d = 3 supergravities [29j. Notice that the scalar manifold 
of Af— 12 supergravity coincides with the one of (Af = 4) supergravity based on (see Table 
3) 
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A 




s 


5,A 






O 




S0(1,1) 


<8 


SO(l,9) 
SO(9) 


-F4(-20) 

SO(9) 


H 


S(7*(6) 


50(1,1) 




50(1,5) 


(7Sp(4,2) 




t/Sp(6) 


<8 


SO(5) 


(75p(4)®(7Sp(2) 


C 


S£(3,C) 


S0(1,1) 


(8) 


SO(l,3) 


S(7(2,l) 




Stf(3) 


SO(3) 


S(7(2)®(7(1) 


K 


S£(3,M) 
SO(3) 


50(1,1) 


(8 


50(1,2) 
50(2) 


SL(2,B) 
SO(2) 



Table 12: d = 5 Exceptional sequence |90| . Trivially, all manifolds of such a Table are real, 

and they also all are RS but the sequence \ T & > , which is new 

J I ' 3 Ja=k,c,h,q 



A 


M 4jJ A 


#4,A 


•^4, J* 


O 




S (7(1,1) 


n SO(2,10) 


7^6(-14) 




E 6 ®SO(2) 


(7(1) 


^ SO(10)®(7(1) 


50(10)0(7(1) 


H 


SO" (12) 


5(7(1,1) 


(O. SO(2,6) 


5(7(4,2) 




S(7(6)®[/(1) 


(7(1) 


^ SO(6)«>t/(l) 


S(7(4)®S(7(2)®(7(1) 


C 


S(7(3,3) 


S(7(l,l) 


(O. SO(2,4) 


S£/(2,l) 5(7(1,2) 




S(7(3)«>5(7(3)®(7(1) 


(7(1) 


1X1 SO(4)®(7(l) 


S(7(2)®(7(1) ^ S(7(2)®(7(1) 


K 


Sp(6,R) 


S(7(l.l) 


«> SO(2,3) 


S(7(2,l) 




S (7(3)0(7(1) 


(7(1) 


^ SO(3)«>(7(l) 


5(7(2)®C/(1) 



Table 13: d — 4 Exceptional sequence |90j . All manifolds of such a Table are K, and they 
also all are SK but T . ,o and JF^, ,n. The sequence J 7 . t a > has been obtained in |58| 

4 ' J 3 ,J3 I " h i A=R,C,H,0 ' ' 

through constrained instantons 



22 



A 



E 7 ®SU(2) 



3, A 



50(4,12) 
SO(12)®SO(4) 



6 : 



3.J; 



50(12)05(7(2) 



-E7 



50(12)®S£/(2) 



SO(4,8) 
SO(8)®SO(4) 



TV . SO(4,8) „ 
lv 4,8 ■ so(8)®SO(4) ' 



S(7(6)®S(7(2) 



SO(4,6) 
SO(6)®SO(4) 



III 



. S(7(4,2) „ 

4 > 2 • SJ/(4)®S£/(2)®!7(1) > " 



USp(6)®SU(2) 



SO(4,5) 



SO(5)®SO(4) 



VIIi 



j2 . (7Sp(4,2) 



USp(4)®USp(2] 



Table 14: d — 3 Exceptional sequence 
<J-o ja> is new 

I ' 3 J A=K,C,H,0> 



All manifolds of such a Table are H. The sequence 



G 
K 




A? 


c?im R (X) 


rank (X) 


j (JO 


G2(2) 

SU(2)®SU(2) 


/S(7(2)\ 2 

V ^(i) J 


/S[/(l,l)\ 2 

V u(i) ) 


4 


2 




S£/(2)®(7Sp(6) 


SU(2) 
(7(1) 

(8) 

C/Sp(6) 
U(3) 


5(7(1,1) 
17(1) 

® 
Sp(6,R) 
(7(3) 


14 


3 


K© Jf 


-^6(6) 


USp(8) 


Sp(8,R) 


20 


4 




USp(8) 


(7(4) 


C/(4) 


#7(7) 


S(7(8) 


5(7(4,4) 


32 


4 


tC 

J 4 


S(7(8) 


S(7(4)(giS(7(4)«)(7(l) 


S(7(4)®S(/(4)<g>(7(l) 


^8(8) 


SO(16) 


SO* (16) 


56 


4 


tH 
J 4 


50(16) 


(7(8) 


(7(8) 



Table 15: Some particular IRGS % and their associated compact spaces X (along with their 
unique non-compact (I)RGS X), and the corresponding Jordan algebra J (X). The relation 
among % and X is based on minimal coadjoint orbits and symplectic induction, and it is 
due to Kostant [97J 
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